Trigonometric form of a complex number (polar form)
To remind you:

Complex numberis: z=x+yi
X is a real part, y is imaginary part of a complex number, and i is imagirary unit: i=+—1 (> =-1)

Two complex number z, = x, + y;i and z, =x, + y,i are equal if x, =x, and y, =y,

For z=x+yi,number z=x-—yi isa complex conjugate number.

Module of complex number z=x+yi is 2| =/x* + )

Complex numbers are presented in the complex plane, where x-line is real line and y-line is imaginary line:

Example:

z=-3+i i
\ 2.:3‘_ o Tl z=3+2i
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If we have complex number z=x+ yi then the real part can write as: x = cos ¢ ,and imaginary y = rsin @

This we can see from the picture:
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Therefore, the complex number is:
Z=rcos@+rsingi,or

z=r(cos@+ising)

This form is called trigonometric. Here , ris module » =+/x” + y* ;angle ¢ is the argument of the complex

number. How are sinx and cosx periodic functions complex number we can write as:

z=r(cos(@+2kmr)+isin(p+2kr))
keZ

Example: Make the following complex numbers in a trigonometrical form:

a) z=1+i
b) z=1+i\3
c) z=-1
d) z=i
Solution:
a) z=1+1i
What we do?

First, determine x and y, then find »=+/x>+)*, then fgp= 2 and replace that to trigonometriski form:
X

z=r(cosp+ising) ]
|
So: x=ly=1 r=v1+1>=42 sy
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z=r(cos@+ising)
1]

z=+2 (cos% +isin %) solution



d)

b) z=1+i3

x=1
27":1[)624-)}2 =4+/1+3 :\/2:2 Ay . \/5
y=A3 60°/
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x 1
tgp =3
T >
=60" =—
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z=r(cos@+ising)
z= 2(cos£+isin£)
3 3
c) z=-1 Take heed: This can record as: z=—1+0i
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So: 50 x -1 z=r(cos@=ising)
@ =180" z=1-(cosz+isinr) ‘
p=r z=cosz+isinrx 180" 0
z=i or z=0+li=x=0,y=1
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Often, in solving tasks we use Euler formula:

e =cosx+isinx

Example: Write numbers through Euler formula.

a) l

Solution:

Tip: Here always add periodicity!

a)z=1 —» x=1,y=0
r=1"+0° =1

tggo:X:O:mo:O”

X
z=r(cos(@+2km)+isin(ep+2kr))
z=1-(cos(0+2kr)+isin(0+2kr))
So: 1=cos2kx+isin2kx, or

1 — eka‘

keZ

b) z=i = z=0+li = x=0,y=1
r:\/x2+y2=\/02+12=ﬁ:1

y 1 V4
x 0

2
z=r(cos(@+2krm)+isin(p+2kr))

z= cos(% +2k7)+ isin(% +2kx)

So: i= cos(% +2km)+ isin(% +2kr)
Z 2k
i:e(z 2kn)
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c) z=-2=2-(-1)=
-1, we find in the previous example:
—1=cos(m+2kxm)+isin(x +2kr)

—2 =2[cos(z + 2kx) +isin(rr + 2kx)]

So:
_ 2 — 2e(ﬂ'+2kﬂ')i
_ 2 — 26(2k+1)7zi
keZ

Professors often like to ask the children to find values i’
When you know Euler's record, it is not difficult.

In a previous example, we find:

Vi3
. (Es2kn)i
i=e?
keZ
y E12km)i ;
Then: ' =(e?
K -2
y Es2kn)i
i'=e?
Vi3
y ~Ei2kr)
i'=e ?
keZ
z
i'=e 2| isfork=0

Multiplication of complex numbers in trigonometric form

If we have two complex number in the trigonometric form:

z, =r(cose, +ising,)
. then:
z, =r,(cosg, +ising,)

Z,:Z, =11 [cos((/)1 +@,)+isin(@, + (/)2)]

z n / Si
L= Lcos(p, — @,) +isin(g, — p,)]

Z, n



Examples: We have

:4x/§(cos%+isin%)
z
find: a)z-z, b)-t
V2 3z .. 37 b z,
z, =——(cos—+isin—)
2 4 4
Solution:
a)
21-22:4\/§-£ cos(£+3—ﬂ)+isin(£+3—ﬂ)
2 4 4 4 4
= 4[cos 7 +isin 7]
=4[-1+0]
=—4
b)

21_4\/_ n 37 £_3_7Z'
Z‘f{ osCy )+ "G 4)}

2
=8 cos(—z) +isinZ
2 2

=8[0—i-1]
—~8i

De Moivre's formula

Ifwehave z=r(cosp+ising)  then z" =r"(cosng +isinney)

If the complex has a number has a module 1, ie. if r =1 then:

z=cos@+isin@

z" =cosn@+isinng — De Moivre's formula

Examples : a) Find z° if z=2(cos— +isin 1)

b)Find z% if 2=



Solution:

a)
z= 2(cos£+isin1)
18 18
28 =2%(cos6- = +isin6--)
18 18

26 = 2%(cos = +isin )
3 3

z2° = 64(% + i?) =32(1+iv/3)

1 3

b) z=—-Y3;
) =57

Here we first must move complex number in the trigonometric form.
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gy =

B3
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£ \/( (__) \/ 120
2
Y
X

8p=—"—=1gp=-3=p=-60"=—

2
z=r(cos@ +isin @)

z= l(cos(—%) + isin(—%))

T .. T
Z=C0S— —isin—
3 3

20 20 .. 20r 20 187 2m 2x
= COS —isin - = +—=—
3 3 3 3 3 3
2 2 2

=CcoS— —isin—
3 3

w 1 A3
z

—_

2 2

2 =—%(1+z\/§)

- 60

v



If we have z=r(cosp+ising) then iz =w= (/;(COS_(erzk” +
n

Root of complex numbers

isin—¢+2k7z)

n

All values n- the root of z, is on circle with radius K/; .

Examples:

Calculate:

Solution:

a)i/;
b) §-1

a) As we already see:

. T .. T
I =Ccos—+isin—
2 2

z+2k7z £+2k7r
Then : 3x/;zcosz +isin2 k=
3 3
For k=0
Z40 Z40
wa:cos2 +isin
3
W, =C0s—+isin—
V3L
2 2
For k=1
—+2r .y
W, = CO0S +zsm2

0,1,2

k=012..n-1



For k=2

s Vs
—+4r —+4r
W, =CO0S +isin
3

O .. 9«
W, =Cos— +isin—
6 6
w, =—i
Ay
i
W1/ AWO
-1 1 X
_l W2
b) —-l=cosz+isinx r=l,p=rx
6’_—1:c05ﬂ+2k7z+isin7z+2k7z
6 6
k=0,1,2.3,4)5
For k=0
r ..x A3 1
W, =cos—+isin—=——+i—
6 2 2
For k=1
T+2r .. T+2w
W, = COS +isin
W, =CoS—+isin— =i
2 2
For k=2
T .. w+4rn
W, =CO0S +isin
6
oSt A3
W, =C0S— +isin—=———+1i-—
6 2 2
For k=3
T+6mr .. m+6rx
Wy = COS +isin 6

1 A3 1

T ..
Wy =CcoS—+isin—=————i—
6 6 2 2



For k=4

.. T+8rx
W, =CO0S +isin
O9r .. 9«7 .
W, =CO0S— +isin— = —i
6 6
For k=5
7+10x 7+10x
Wy = +
6
1z V3 .1
Wy =COS——+isin— =———i—
6 2 2
Ay
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W W
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